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Abstract 

In noncommutative space to maintain Bose-Einstein statistics for identical parti- 
cles at the non-perturbation level described by deformed annihilation-creation oper- 
ators when the state vector space of identical bosons is constructed by generalizing 
one-particle quantum mechanics it is explored that the consistent ansatz of commu- 
tation relations of phase space variables should simultaneously include space-space 
noncommutativity and momentum-momentum noncommutativity, and a new type 
of boson commutation relations at the deformed level is obtained. Consistent per- 
turbation expansions of deformed annihilation-creation operators are obtained. The 
influence of the new boson commutation relations on dynamics is discussed. The 
non-perturbation and perturbation property of the orbital angular momentum of 
two-dimensional system are investigated. Its spectrum possesses fractional eigen val- 
ues and fractional intervals. 
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Recently there has been a renewed interest in physics in noncommutative space jIHZ]. 
This is motivated by studies of the low energy effective theory of D-brane with a nonzero 
NS-NS B field background. The effects of noncommutative space only appear near the 
string scale, thus to test the space noncommutativity we need noncommutative quantum 
field theories. But study at the level of quantum mechanics in noncommutative space is 
meaningful for clarifying some possible phenomenological consequences in solvable models. 
In literature the perturbation aspects of noncommutative quantum mechanics(NCQM) 
have been extensively studied [HH22J - The perturbation approach is based on the Weyl- 
Moyal correspondence [2DH22], according to which the usual product of functions should 
be replaced by the star-product. 

In this paper we are interested in the non-perturbation investigation which may ex- 
plores some essentially new features of NCQM. Because of the exponential differential 
factor in the Weyl-Moyal product the non-perturbation treatment is difficulty A suitable 
example for the non-perturbation investigation is two dimensional isotropic harmonic oscil- 
lator. This model is exactly soluble, and explored fully, for example, in [TU1 FEU IT^] . In the 
following through the non-perturbation investigation of this example we clarify the consis- 
tent condition for quantum theories in noncommutative space in detail. The point is how 
to maintain Bose-Einstein statistics at the non-perturbation level described by deformed 
annihilation-creation operators in noncommutative space when the state vector space of 
identical bosons is constructed by generalizing one-particle quantum mechanics. We find 
that for this purpose the consistent ansatz of commutation relations of phase space variables 
should simultaneously include space-space noncommutativity and momentum-momentum 
noncommutativity, and a new type of boson commutation relations at the deformed level is 
obtained. To the linear terms of undeformed annihilation-creation operators, perturbation 
expansions of deformed annihilation-creation operators are obtained. The influence of the 
new deformed boson commutation relations on dynamics is investigated. As an example, 
we study the angular momentum, and explore that its spectrum possesses fractional eigen 
values and fractional intervals, specially there is a fractional zero-point angular momentum. 
The perturbation treatment of the harmonic oscillator is briefly presented. 

In order to develop the NCQM formulation we need to specify the phase space and the 
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Hilbert space on which operators act. The Hilbert space can consistently be taken to be 
exactly the same as the Hilbert space of the corresponding commutative system jjSj. 

As for the phase space we consider both space-space noncommutativity (space-time non- 
commutativity is not considered) and momentum-momentum noncommutativity. There 
are different types of noncommutative theories, for example, see a review paper 

The former is inferred from the string theory [311] • The reasons of considering momentum- 
momentum noncommutativity are: (i) To maintain Bose-Einstein statistics for identical 
particles at the level of the deformed annihilation-creation operators when the state vector 
space of identical bosons is constructed by generalizing one-particle quantum mechanics; 
(ii) To incorporate an additional background magnetic field [2H1 EH]- The points (1) will 
become clear latter. 

In the case of simultaneously space-space noncommutativity and momentum-momentum 
noncommutativity the consistent NCQM algebra is as follows (henceforth, c and h are set 
to unit): 

[x h Xj) = iC 2 ^Nc de iji [xuPj] = iSij, \PhPj) = iC 2 ^NC d ' e ij^ {hj = 1> 2 ) C 1 ) 

where d and d 1 are the constant, frame-independent dimensionless parameters, is a 
antisymmetric unit tensor, e\2 = —621 = 1, en = 622 = 0. The parameter A^c is the 
NC energy scale [21] (We reset % = A^dey where 6ij is the noncommutative parameter 
extensively adopted in literature for the case that only space-space are noncommuting ). 
The NC effects will only become apparent as this scale is approached. In Eq. (HJ £ is 
the scaling factor £ = (1 + dd'/A) 1 / 2 . When d' = 0, we have f = 1, the NCQM algebra 
(JIJ reduces to the one which is extensively discussed in literature for the case that only 
space-space are noncommuting. Here and in the following F represents the operator in 
noncommutative space, and F the corresponding one in commutative space. 

The NCQM algebra (Q) changes the algebra of creation-annihilation operators. There 
are different ways to construct the creation-annihilation operators. In order to explore 
noncommutative effects at the non-perturbation level the deformed creation-annihilation 
operators are constructed which are related to the noncommutative variables Xi,pi. 

The Hamiltonian for two-dimensional isotropic harmonic oscillator is (henceforth, sum- 
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mation convention is used) 



1 1 



(2) 



This system can be decomposed into two one- dimensional oscillators. For the dimension 



i the representations of the deformed annihilation-creation operators dj, dj 



defined by 




flLU 

2 



Xi H pi 




fXUJ 

2 



%i Pi 



1,2) are 



(3) 



In order to maintain the physical meaning of dj and dj the relations among (dj, dj) and 
(xi,pi) should keep the same formulation as the ones in commutative space. 

From Eq. (jSJ) and the NCQM algebra we obtain the commutator between the op- 
erators dj and dj: dj, at = |£~ 2 /ia; (Ajj^d — fi~ 2 u~ 2 A% c d ') = Dij. If momentum- 
momentum is commuting, d' — 0, for the case i ^ j we would have ^ which would 
lead to that dj and dj would not commute. When the state vector space of identical 
bosons is constructed by generalizing one-particle quantum mechanics, a natural require- 
ment is that Bose-Einstein statistics should be maintained at the non-perturbation level 
described by dj. If were not zero, when the operators djdj and djdj were applied suc- 
cessively to a state, say vacuum state |0,0), 1 would not produce the same physical state: 



djdj|0,0) — d2d{|0,0) = Dij\Q,0) ^ 0. In order to maintain Bose-Einstein statistics at the 
deformed level the basic assumption is that operators dj and dj are commuting, that is, 
D, 



it At 



, l3 — 0. This requirement leads to a consistency condition 

d' = fi 2 u 2 A} 



, " 4 d 



(4) 



From Eqs. ([TJ, (J5J) and (@J) it follows that the commutation relations of dj and dj read 



di , dj 



Q2; dj 



[a>i, a,j\ 



dj,dj 



1,2) 



(5) 



di, dj 



z£ 2 fxujA N 2 c d. 



(6) 



*As in the case of commutative space the vacuum state |0,0) in noncommutative space is defined as 

6(10,0) = 0, (i = 1,2). 



4 



Eqs. (JSJ) is the same commutation relations as the ones in the commutative space. This 
confirms that for the same degree of freedom i the operators di, a\ are the correct de- 
formed annihilation-creation operators. For the different degrees of freedom new deformed 



commutation relations (J6J) between d, and dj emerge. 

We emphasize that Eq. © is consistent with all principles of quantum mechanics and 
Bose-Einstein statistics. 2 

If momentum-momentum is commuting, d' = 0, which shows that we could not obtain 
Dij = 0. Thus it is clear that in order to maintain Bose-Einstein statistics for identical 
bosons at the deformed level of dj and d\ we should consider both space-space noncommu- 
tativity and momentum-momentum noncommutativity. 

Now we consider perturbation expansions of (xi,pj) and (dj,dj). The NCQM algebra 

has different possible perturbation realizations 10 . To the linear terms of phase space 
variables in commutative space, a consistency ansatz of the perturbation expansions of Xj 
and pi is 

1 1 

x% = - -AjjjjdeijPj), & = (p i + -fj?(J 2 A]? cl dei j x j ). (7) 

where Xi and pi are the coordinate and momentum in commutative space and satisfy the 
commutation relations = [pi,Pj] = 0, [^i,Py] = In commutative space the 

undeformed annihilation-creation operators (a.j,aj) are related to the variables (xi,pi) by 



X i = \ItT— ( a i + a i) > Pi = -\r-7T ( a i- a l) , ( 8 ) 



where and a\ satisfy commutation relations [aj,a 3 -] = [a|,at] = 0, [ai,aj] = iSij- 
Inserting Eqs. J7J) and (jSJ) into Eq. J3J), to the linear terms of and aj, we obtain the 
perturbation expansions of di and dj as follows 

di = C 1 yii + ^u^cdtija^j , d] = C x (a\ - ^fxuj h^ 2 c de i:j a^j . (9) 



2 As a check on the consistency , we apply Eq. JBJ to the vacuum state |0, 0). Because of aj|0,0) = 0, 
the left hand side reads (dia^ — aJai^O, 0) = diallOjO). In view of the noncommutativity between a\ and 
a\, the term SiaJlO, 0) ^ 0. The correct result can be obtained by using the perturbation expansion JjJJ 
of hi and a] : dia^O, 0) = {a\a} 2 + ^fxu>A]^ c d axa\ + ^fnuA^d a 2 a\ — \[i 2 uj 2 A^^d 2 a 2 a{^ |0, 0) = 
i^^piujAjj^dlO, 0) which equals to the right hand side. (In the last step the undeformed relations a^at — 



rijCH = ai|0,0) = and ajat|0,0) = <5y|0,0) are used.) 
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It is easy to check that Eqs. (JTJ), (jSJ)- © are consistent each other. 

Comparing to the case in commutative space the deformed commutation relations (jBJ) 
change dynamical properties of quantum theories in noncommutative space. As an exam- 
ple, in the following we investigate the influence of Eq. (jUJ) on the angular momentum. In 
two- dimensions the orbital angular momentum is defined as an exterior product, 3 

L = tijXipj, (10) 

Though L defined in Eq. (jlOJ) has the same formulation as the one in commutative space, 
because of the commutation relations (jUJ) new features appear in its spectrum. 
Using Eq. (jnj) we rewrite L as 

L = —i (a\a2 — a|^ij — -^o, L = £~ 2 ficuA^d. (11) 

Where the zero-point angular momentum Lq = (0, 0|L|0, 0) originates from the deformed 
commutation relations ©. 

In order to clarify the origin of the zero point angular momentum Lq from another 
point of view, in the following we investigate the perturbation expansion of L. Starting 
from Eq. (fT0|) . using Eqs. ((ZJ) we obtain 

L = tijXiPj - C 2 ^NC d C^ PiPi + \l Mjj2x i X i \ ■ ( 12 ) 

Eq. ()12J) is exactly solvable. We change the variables Xj and Pi to variables X a and P a 
(here and in the following a, j3 = a,b) as follows [23 12Z| , 



Pa = \I^~P 1 + x 2 , P b = \l tt^t pi - \l £:r 7p x 2 , (13) 




3 There are different ways to define the angular momentum in noncommutative space. In comparing 
to the case in commutative space, the angular momentum acquires d— and d '—dependent scalar terms 
XiXi and pipi. Because of the scalar terms have nothing to do with the angular momentum, so in this paper 
we prefer to keep the same definition of L as the one in commutative space. The equation © modifies the 
commutation relations between L and ii, pi- From the NCQM algebra (JTJ we obtain 

[L, x l ] = ie^Xj + i£~ 2 Ajf 2 c d pi, [L,pi] = /f , - i^ 2 u? tC^ c d Xi. 

Comparing to the commutative case, the above commutation relations acquires d— and d '—dependent 
terms which represent effects in noncommutative space. 
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where 

n a = u(i + L ), n b = u(i-L ). (14) 

In the above X a and P a satisfy X a = X|, P a = Pj, [X a , Xp] = [P a , Pp] = and [X a , Pp] = 
iS a p. Then we define following annihilation-creation operators A a , A' a 



A. = V^;ft + VT jr " ^ = W^WlT x "<< a = ' 6 >' < 15) 

Here A a and satisfy [A a , Ap] = A^At = 0, and A a ,At = 5 a p. The eigenvalues n a 



of the number operator N a = A\A a are n a = 0, 1, 2, • • • . The angular momentum (|12|) is 
rewritten in the form of two uncoupled modes of frequencies Q a and : 

L = —AlA b - ^A\A a - Lo. (16) 

L) LO 

Where the zero point angular momentum L appears again. The spectrum of L is 

l (na,n b ) = —n b - —n a - L =n b -n a - (n a + n b + 1)L . (17) 

CO to 

l(n a ,n h ) takes fractional values. We notice that, unlike the case in commutative space, the 
absolute value of the lowest angular momentum is not zero, it is \L \ = £ _2 yUu;A^|<i|. For 
the case n a = n b = n the eigenvalues are proportional to Lo 

Z (n , n) = -(2n+l)L . (18) 

From Eq. (fT7|) the intervals of the spectrum are A/(An Q ,An 6 ) = l(n' a ,ri) ~ l{n a ,n b ) — An b — 
An a — (An a + An b )Lo where An a = n' a — n a and An b = n' b — n b . There are different intervals 
in the spectrum. For the case An a = An b = An we have fractional intervals A/(A n ,An) = 
— 2AuLq. For the case An& = — An a = An we have integer intervals A£(_An,A«) — 2An. 
We notice that the zero-point value L , the spectrum lf n>n ) and the intervals AZ(An,A«.) take 
fractional values which are parameter d— dependent. Such fractional feature of the orbital 
angular momentum represents the effects of noncommutative space. 

In the limit d->0we have L — ► 0, ui a , uo b — > to. Thus the spectrum l( na ,n b ) — » w {n b — n a ) 
which recovers the results in commutative space. 
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For consistent check, we use Eqs. © to investigate the perturbation expansion of the 
first term in Eq. (jllj) . We obtain 

—i (a\a,2 — d\di^ = —i {a\a 2 — a\a\^ — £~ 2 'fitoAj^d (a\ai + a^a^) . 

The operators a\ and a 2 are related to the operators A a and A by the following equations 

A a = -j= (ai + ia 2 ) , A b = -j= (ai - za 2 ) . (19) 

It follows that -i (a\d 2 - d\d^j = ^A ] b A h - A\A a . Thus Eq. (fTTJ) equals Eq. ijTTty . 

To conclude this paper we investigate the perturbation treatment of the harmonic 
oscillator. Using Eq. ((7j), the perturbation expansion of Eq. © is 

1 1 

H(x,p) = —p i p i + -/j.u 2 XiXi-C 2 ^ 2 A N 2 c de ij Xip j . (20) 

In the above the Chern-Simons term — £ -2 fj,u> 2 A]^ 2 c deijXiPj represents the effect of non- 
commutative space. Because of the scaling factor £ in Eqs. (J7J) the corrections from the 
kinetic energy term and the potential term cancel each other, thus in Eq. (j2*Uj) there are 
no corrections to the mass and frequency. These are different from the results obtained in 
|2*K] where the effective mass and frequency have d— dependent corrections. 

Eq. (J2Uj) is exactly solvable. By the same procedure of obtaining ([IB}) we rewrite the 
Hamiltonian (J2Uj) as 

H = H a + H b , H a = n a \AlAa + ^\, (a = a,b). (21) 

Because of Q a ^ f2& the eigenvalues of H are non-degenerate. 

In summary, in noncommutative space the maintenance of Bose-Einstein statistics at 
the deformed level of di and d\ requires simultaneously space-space noncommutativity and 
momentum-momentum noncommutativity. The commutation relations © and (JBJ), and 
the perturbation expansions (|7j) and © are general, they provide a consistent framework 
for the further development of quantum theories in noncommutative space. Further ex- 
ploration of the influence of the new deformed commutation relations (J5J) on dynamics is 
interesting. 
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